Diffusive transport of a particle in spatially correlated random energy landscape having exponential density of states has been considered. We exactly calculate the diffusivity in the nondispersive quasi-equilibrium transport regime and found that for slow decaying correlation functions the diffusivity becomes singular at some particular temperature higher than the temperature of the transition to the true non-equilibrium dispersive transport regime. It means that the diffusion becomes anomalous and does not follow the usual ∝ t 1/2 law. In such situation the fully developed non-equilibrium regime emerges in two stages: first, at some temperature there is the transition from the normal to anomalous diffusion, and then at lower temperature the average velocity for the infinite medium goes to zero, thus indicating the development of the true dispersive regime.
I. INTRODUCTION
Diffusion of a particle in the random energy landscape serves as a useful model of various physical processes, such as diffusion in amorphous materials, electric conductivity in disordered semiconductors, dynamics of polymer molecules and others. Hopping conductivity of amorphous materials was one of the first examples of the application of this concept. For example, in the simplest 1D case the long time behavior of the carriers' packet n(x, t) for the particular realization of the random energy landscape U(x) may be described by the 
Here D 0 is a bare diffusion coefficient in the absence of disorder and E is the applied electric field. Dynamics of the carrier is a mixture of the diffusion and the drift induced by the action of the applied field. Characteristic features of the dynamics are governed by the density of states (DOS) g(U) and statistical characteristics of the random energy landscape U(x).
In many amorphous semiconductors the typical feature is an exponential tail of the DOS g(U) ∝ e U/U 0 , U < 0.
This feature to a very large extent determines charge transport properties of the materials. In inorganic semiconductors exponential DOS starts at some energy U c called transport edge and separating localized and extended states, though in some cases this energy could be located in the region of localized states [1] . If states above U c are delocalized, then it is natural to consider charge transport using the multiple trapping model [2] , and in the opposite case a hopping transport is the more appropriate model. Recently it was suggested that in some amorphous organic semiconductors there is an exponential tail of the DOS [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Even in perfect organic crystals, where the bands are very narrow, charge transport at the room temperature is dominated by hopping due to thermally induced dynamic disorder and polaronic effects [13] [14] [15] [16] [17] . In amorphous organic semiconductors significant static disorder leads to the total localization of all states. For such materials the charge transport is exclusively provided by the hopping mechanism.
Hopping charge transport for the exponential DOS has been studied extensively for many years and is considered as rather well studied area [18, 19, 21] . The most fundamental fact about such transport is that for low temperature kT /U 0 < 1 carriers do not attain a quasi-equilibrium state with constant average velocity but the carrier velocity monotonously decreases with time and, hence, with the thickness L of the transport layer as
indicating the transition to the non-equilibrium dispersive transport regime, while for kT /U 0 > 1 a quasi-equilibrium regime with constant velocity v eventually develops [19, 20] .
There is a general agreement that for the high temperature kT /U 0 > 1 the long time behavior is accurately described by the normal diffusive transport.
Nonetheless, in all previous studies a very important ingredient of the random energy energy landscape has been omitted, namely the possible spatial correlation of random energies.
Recently we considered the behavior of the average particle velocity v for the spatially correlated exponential DOS and its dependence on temperature and driving force strength [22] .
Exact analytic solution has been obtained for the quasi-equilibrium nondispersive regime kT /U 0 > 1 and an approximate approach has been suggested for the dispersive regime kT /U 0 < 1. Here we are going to extend our consideration to the calculation of the diffusivity D, exclusively concentrating our attention on the nondispersive case. It turns out that this case is not so trivial for the spatially correlated energy landscape.
For the sake of simplicity we use the exact exponential DOS with sharp cut-off at U = 0
where N 0 is the total concentration of hopping sites and g(U) = 0 for U > 0. We mostly consider the temperature being close to U 0 /k, where particle spends almost all time in the deep states U ≪ −U 0 . For this reason the exact form of the DOS for U > 0 is not important.
More thorough discussion may be found in Ref. 22 .
For the 1D case Parris et al. derived a general formula for the diffusivity of the charged particle moving in the arbitrary potential U(x) which is periodic with the period L [23, 24] .
In the limit L → ∞ this formula provides the possibility to obtain the relation for the diffusivity statistically averaged over realizations of U(x)
here the angular brackets mean the average over realization of U(x), µ 0 and v 0 = µ 0 E are the carrier mobility and velocity for the system without disorder. Hence, the task to calculate the diffusivity is essentially shifted to the calculation of the correlation functions Z 2 (x) and
. If the second term in Eq. (5) is zero, then this equation is, in fact, the modified Einstein relation (mER) [23, 24] , albeit written using the carrier velocity v 0 instead of the applied electric field E. The simple Einstein relation
is not valid in the materials having field-dependent carrier mobility µ, apart from the limit case E = 0. We will consider the applicability of the mER for the exponential spatially correlated DOS.
Correlation functions Z 2 (x) and Z 4 (x, y, z) diverge for low temperature kT < U 0 (dispersive transport regime). This can be immediately seen when all coordinates of Z 2 (x) and Z 4 (x, y, z) go to infinity, because all exponentials in Eq. (8) become independent and, for example,
Correlation function Z 4 (x, y, z) has a similar singularity at κ → 1. This divergence indicates the invalidity of Eqs. (5) (6) (7) (8) connected with the transition to the non-equilibrium dispersive transport regime at κ > 1 where the average velocity goes to 0 for the infinite medium.
The difficulty to carry out the calculations for the dispersive regime is directly connected with the necessity to consider transport for a transport layer having the finite thickness.
Possibility to consider quasi-equilibrium transport in the infinite medium greatly facilitates the calculations.
It is easy to see that the divergence at κ → 1 is the only singularity of Z 2 (x) and Z 4 (x, y, z) for the case of spatially uncorrelated disorder where all exponentials in Eq. (8) are independent and v and D are well-defined parameters for all temperatures above the transition temperature T 0 = U 0 /k. For this reason there is a general belief that for the nondispersive regime κ < 1 transport could be rather accurately described by the diffusion equation with well-defined average velocity v and diffusivity D. In this paper we study the nondispersive regime in details and show that for the correlated random energy landscape the picture is more complicated and diffusivity D demonstrates quite nontrivial behavior.
II. GAUSSIAN REPRESENTATION FOR THE EXPONENTIALLY DISTRIBUTED RANDOM ENERGY U (x)
A suitable method to introduce spatial correlation in the exponentially distributed random energy landscape has been suggested in Ref. 22 . There is a well known representation for the exponentially distributed random variable which employs two auxiliary independent identically distributed random Gaussian variables X and Y having zero mean and unit variance σ 2 = 1. If
then U is distributed according to Eq. (4) [25] . If X(x) and Y (x) are Gaussian random fields with correlation functions c X (x) and c Y (x), then the resulting distribution of U(x)
is spatially correlated, too. Using this trick the averaging over U(x) is replaced by the averaging over X(x) and Y (x).
This approach gives us the possibility to generated only limited subset of all exponentially distributed random energies U(x), but we can produce the random field U(x) having an arbitrary nonnegative binary correlation function c U (x) because
We may consider the use of auxiliary variables X(x) and Y (x) as just a technical trick to introduce spatial correlation in the exponential random energy landscape. This trick facilitates the calculations and there is no need to assume any physical meaning for X and
Y . Yet there is some physical justification for the Gaussian trick as a way to introduce spatial correlation to the exponential distribution, because May et al. demonstrated a particular mechanism to produce the almost exponential distribution in amorphous organic materials based essentially on some modification of Eq. (11) [26] .
here X i = X(x i ), c X = c X (x 1 −x 2 ) (the distribution for Y has a similar form) [27] . Quadratic form in the exponent of Eq. (13) is positively defined if |c X | < 1. For x = 0 we have c X,Y (0) = σ 2 = 1 and for x → ∞ c X,Y (x) → 0. Correlation function Z 2 (x) has been calculated previously [22] and is equal to
for κ < 1, here and later we consider the simplest case c X (x) = c Y (x) = c(x), possible generalizations may be found in Ref. 22 . We assume also that our system is isotropic, so
To calculate Z 4 (x, y, z), we need the analogous 4-point distribution
where the elements of the symmetric 4×4 matrix
. Here x 1 = x+y, x 2 = x, x 3 = 0, and x 4 = −z. Performing averaging over X i , Y i using distribution (15) we obtain for the correlation function Z 4 (x, y, z)
where matrix G differs from G only in diagonal elements
Matrix G −1 has the structure
where A, B, and C are 2 × 2 matrices, C ′ is the transpose of C, and only elements C ij do depend on x and go to 0 for x → ∞. We may write
here d is a 2 × 2 diagonal matrix having elements d ii = (−1) i−1 . The final explicit form of matrix T is presented in Appendix A.
NONDISPERSIVE TRANSPORT REGIME
A. General consideration
Calculation of det T is carried out in the Appendix A. The result (A2) shows that
for x → ∞. Hence, the integral in Eq. (7) grows faster than L and the function G(y, z)
diverges if c(x) ∝ 1/x n with n < 1/2 for x → ∞. We see that for slowly decaying correlation function c(x) the diffusivity does not exist, spreading of the photocurrent transients is anomalous and does not follow the law ∝ t 1/2 . For the exactly critical correlation function
is finite and diffusivity does exist but the mER is not
valid. In this model the breakdown of the mER is a signal of the emerging development of the anomalous diffusive regime.
It turns out that the superlinear growth of the integral (7) is not the only mechanism of the breakdown of the normal diffusive transport (we will call it the mechanism I). Another possibility is the divergence of the correlation function Z 4 (x, y, z) for κ < 1 (the mechanism II). Let us consider this possibility. We start with the consideration of the particular case of the exponential correlation function c(x) = exp(−x/a), where all terms c(x+y), c(y +z +x), and c(z + x) could be expressed through c(x), c(y), and c(z) as c(x + y) = c(x)c(y) etc.
Result of the Appendix A gives for that case
We see that in this case det T becomes equal to 0 (and, hence, Z 4 (x, y, z) becomes singular)
only at κ = 1, exactly at the critical point of the transition to the dispersive non-equilibrium transport regime.
The situation becomes different for the the case of very long range correlation, where for
x → ∞ we can neglect y and z in c(x + y) etc., assuming c(x + y) ≈ c(x) because Eq. (6) shows that the typical values of y and z are ≃ 1/γ. In this situation C ij ≈ c(x) for all i, j
and for 
for various values of y/a (indicated near the corresponding curve) and for correlation function
Validity of the approximation (21) is demonstrated in Fig. 1 . We immediately see that for the long range disorder det T, contrary to the case of the exponential c(x), depends on the sign of the auxiliary correlation function. Hence, for the critical correlation function
, where ∆D is nonzero, the diffusivity is sensitive to the sign of c(x), in striking contrast to the average velocity v.
In addition, Eq. (21) hints for the possibility for det T becomes negative for κ < 1, while for the exponential function c(x) this is not possible. Nonpositivity of det T means that the correlation function Z 4 (x, y, z) diverges and, hence, the diffusivity does not exists, too (this is previously mentioned mechanism II). Fig. 2 shows the phase diagram for the power law correlation function
i.e. the regions in the plane n − κ where the diffusivity does exist or not exist. In Fig. 2 the vertical line at n = 1/2 separates the domain n < 1/2 where D does not exist for any κ < 1 (because of the superlinear growth of the integral (7), mechanism I). The solid line in Fig.   2 shows numerically calculated critical values κ c (n), and for a given n det T is nonpositive for κ > κ c (n). We define κ c as a minimal κ for which the equation from the very beginning and consider instead the truncated determinant
In future for all analytic calculations we will use det T tr . Fig. 4 shows a typical example of the increase of det T for the finite y.
The particular role of the exponential correlation function could be easily understood if we consider the reduced determinant at κ = 1 (typically, κ c is rather close to 1). In this
We assume that c(x) > 0, hence the sign of det opposite case of the more slow decay it is negative. For κ = 0 det T = 1, so for some 0 < κ < 1 there is the zero of the determinant for slowly decaying correlation functions.
One should note that the separation of the correlation functions to those decaying more slowly than the exponential ones and decaying faster is considered here not for asymptotics of c(x) for x → ∞ but for the functional dependence of c(x) in the whole x range. If the function c(x) has the exponential asymptotics but decays differently for moderate x, then the critical κ c still could exist (see Fig. 5 )
Use of det T tr gives us the possibility to carry out an analytical calculation of the critical line κ c (n) for the power law correlation function (22) (more exactly, we assume only that for large x c(x) ≈ (a/x) n ). Power law correlation functions are typical for amorphous organic semiconductors, though the corresponding models usually provide Gaussian or approximately Gaussian DOS [28, 29] . For the approximately exponential DOS considered in
Ref. 26 we should expect c U (x) ∝ 1/x 5 and c(x) ∝ 1/x 5/2 [22] , though parameter U 0 is typically very small and the resulting total DOS in amorphous organic semiconductors is mostly formed by other contributions.
If we assume, in close resemblance to the discussion in Appendix B, that the minimal value of det T tr is achieving at x = z and for relevant values of x (x/a) n ≫ 1 (this is indeed the case for n ≫ 1, in practice n ≈ 2 − 3 is large enough), then c(x + z) = c(2x) ≈ c/2 n , here c = c(x). Hence,
Minimization of this expression with respect to c and subsequent solution of the equation
This solution agrees very well with the numerical calculation of κ c (n) for the full nontruncated det T (see insert in Fig. 2 ).
For the particular case of the power law correlation function c(x) ∝ 1/x 1/2 where for small κ the term ∆D is finite and nonzero, thus providing the violation of the mER, the diffusivity can be presented in a more appropriate form. It was shown that the approximation (21) is valid for x → ∞. Hence, if c(x) → ±(a/x) 1/2 for large x, then
and
For the power law c(x) with n = 1/2 κ c = 0.8425... and is defined by the mechanism II.
Nontrivial approximate value of ∆D could be calculated by the saddle point method for κ → 1 in close analogy with the calculation of v in Ref. 22 but, unfortunately, this region is unphysical due to the divergence of Z 4 (x, y, z). It is interesting to note that Eq. (29) does not indicate any singularity at κ → κ c and ∆D remains finite at that point.
C. Correlation functions c(x) having local extrema
Such correlation functions demonstrate very remarkable results for the critical κ c if that value is defined by the mechanism II. Details my be found in Appendix B, here we provide only brief summary. The simplest case is the correlation function having just one extremum, it has to be a minimum having depth −1 < c min < 0. It turns out that the critical value κ c is a universal function of c min
and does not depend on all other details of c(x), even on the functional form of c(x). In fact, this is true even for c(x) having several extrema if we use the deepest minimum and for all positive maxima c(x max ) < |c min | (see Fig. 6 ). If c(x) has an additional positive maximum with height c max > |c min |, then the behavior of κ c is dominated by this maximum but it is a non-universal one.
We should note that the minimal critical value κ c according to Eq. (30) is 1/2. Remember, however, that here we consider the second mechanism of the breakdown of the normal diffusion (i.e., the singularity of Z 4 (x, y, z)). For the mechanism I (the superlinear growth of the integral (7)) the breakdown takes place for the arbitrary small κ if the correlation function decays slow enough.
IV. EXPERIMENTAL EVIDENCE FOR THE BREAKDOWN OF THE NORMAL DIFFUSIVE TRANSPORT
Our main result shows that the nondispersive transport regime for the spatially corre- when carriers begin to arrive at the collecting electrode (see Fig. 7 ). There is a standard
which is typically used to describe the spreading of the carrier packet, here t 1/2 is a time for the transient to decay to the half of the plateau value I p and t 0 is the time of crossing the asymptotes drawn to the plateau and the decaying tail of the transient [30] [31] [32] [33] . For the
here L is the thickness of the transport layer. Hence, the investigation of the thickness dependence of W gives a direct possibility to discriminate between the normal diffusive and anomalous nondispersive transport: if
, then we have a diffusive behavior, and if W (L) decays more slowly, then the diffusivity does not exist and we have the case of the anomalous diffusion.
Amorphous organic materials having localized states where there is an experimental evidence for the existence of the exponential tails of the DOS are best suited for a test of the transition to the anomalous diffusion. Experimental data gives for such materials T 0 = U 0 /k in the range from 380K to 750K [3, [5] [6] [7] . This means that to compare our results for the nondispersive transport with the experimental data one have to carry out experiments at rather high temperature. At the moment there are no data for the thickness dependence of W for such materials. Certainly, organic materials having T 0 ≃ 600 − 700K cannot be used for the experimental test of our results, the temperature T 0 being far too high and we should expect a total thermal decomposition of such organic materials at much more low temperature. Yet materials with T 0 ≃400K could be used to study the nondispersive transport in general and dependence W (L) for this transport regime in particular.
Our previous study of the behavior of the average carrier velocity v in spatially correlated exponential random energy landscape shows that nonzero v does exist for any generally acceptable correlation function for T > T 0 [22] . Significant variation of v with variation of electric field suitable for a reliable test of the theory could be observed only for temperature pretty close to T 0 , certainly not far away from T 0 than ≃ 0.01 T 0 . To perform the measurements while keeping the temperature constant with high accuracy is a major obstacle for the experimental test of the theory (especially taking into account the possible mesoscopic inhomogeneity of the amorphous sample leading to some variation of T 0 across the sample).
Transition to the anomalous diffusion could occur at the temperature significantly higher than T 0 , thus providing, in this respect, a less demanding method to test the effects of spatial correlation. At the same time, a very essence of the suggested method requires to work with several experimental samples having different thickness of the transport layer. There is a pressing need to keep the structure of different samples as close as possible, again avoiding mesoscopic inhomogeneities in order to provide a reliable comparison.
At last, we should note that in this paper we consider the behavior of D in the infinite medium. Possible experimental tests are directly related to the finite thickness of transport layers and, hence, the drift time should be much greater than the time of the formation of the final well-developed anomalous diffusion regime. Typical relaxation time for the carrier motion in the correlated exponential DOS is unknown at the moment.
V. REMARKS AND CONCLUSIONS
We studied the transport of carriers in spatially correlated exponential DOS and found that for a wide range of correlation functions, decaying more slowly than the exponential ones, the diffusivity does not exist for temperatures well above the temperature packet and its possible dependence on the form of c(x) will be studied in future.
Transition to the anomalous diffusion could be caused by the action of two independent mechanisms, one is related to the superlinear growth of the integral (7), and the second is where the applied driving force F plays the analogue of temperature [34, 35] . At some critical value F c1 there is a transition from the normal diffusion to anomalous one and then, at some F c2 < F c1 the average velocity for the infinite medium goes to 0.
Study of the nondispersive charge transport, namely the thickness dependence of the parameter W (31), in amorphous organic semiconducting materials demonstrating the exponential tail of the DOS and having rather low T 0 ≈ 400K [3, 5, 11, 12] should be a promising way to test our predictions. Long range spatial correlation of the random energy landscape is typical for amorphous organic materials.
Future development of the study of the diffusive transport may include the investigation of the phenomenon in the multidimensional case. The method suggested in Section II is not restricted to the one-dimensional case and open a possible route to study charge transport for the spatially correlated exponential DOS in many dimensions. Possible extension to the dispersive transport regime should be studied as well. Particular interest presents the consideration of the diffusive transport in the random exponential energy landscape which cannot be modelled using the Gaussian representation (11).
Another possible route of development is an extension of the suggested approach to other functional types of DOS. While the main body of the DOS in organic glasses typically has the Gaussian form, far asymptotics of the DOS are expected to decay according different laws [36] . Charge transport is determined by the far tail of the DOS at low temperature, and the the mobility and diffusivity field dependence is governed by the interplay of the functional form of the DOS and nature of spatial correlation. For low T we may expect dependences which differ from those formed by the main body or not so far tails of the DOS and observed for higher temperature.
indicate the argument of the correlation function)
Close inspection of Eq. (25) shows that x + z = x min and c(x + z) = c min < 0 is favorable for the minimization of det T tr . We assume that the condition x + z = x min is indeed valid at the minimum of det T tr (we will see that this is case). Actually, here we consider a more general case where x + z = x e and x e is the position of some extremum of c(x), so c ′ (x e ) = 0 and c(x e ) = c e . In this case Eqs. (B2,B3) transform to
or 1 − κ = ±κc e and c x = ∓c z .
At first, let us consider the case 1 − κ = −κc e and c x = c z = c. Here the condition x + z = x e at the minimum of det T tr (x, z) could be valid for just one particular value of κ
We consider the case κ < 1, so c e must be negative. For this case Eq. (B1) becomes Let us consider the matrix of second derivatives of det T tr in order to prove that the extremum at c x = c z is indeed the minimum. For the eigenvalues of the matrix to be positive and extremum being the minimum we must have If we consider the corresponding calculation for the second choice 1−κ = κc e and, hence, c x = −c z = c (remember that x + z = x e ), we obtain that in this case
so c e > 0. For the positivity of parameters A, B we need c ′′ x+z < 0, i.e. we have the maximum of c(x) at x = x e . Equation analogous to Eq. (B11) now has the form
